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Abstract 

The LTB model is studied as the Caushy problem for the equations 
defined two metrical functions A(/i, r) and u;(/i,r). The initial conditions 
throught metrical functions are presented. The rules of calculating three 
undetermined functions /(//), F(n) and F(/i) are obtained. The general ex- 
pressions for the density and Habble function in the LTB model are written 
by the metrical functions. 
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1 The Introduction 



The LTB model is one of the most known spherical symmetry model in general relativity. It was 
created by Lemaitre jy, Tolman and Bondy || during the period of time from 1933 to 1947. 
The exact solution have been obtained by Bonnor Q| in 1972 and Q in 1974. The LTB model 
represented one of the simplest nonhomogeneous nonstationary cosmological models and due to this 
fact is used to study some new ideas in the cosmology. 

The present interest to LTB was risen by the observations shown the fractal structure of the 
Universe in the large scale Q , , and discass in the set of article (the modern review is presented 
in j|] ) . In a set of papers the LTB model is used to study the observational datas and redshift as a 
main cosmological test || - |l4j . 

The central problem of using the LTB model is in calculation of three undetermined functions 
which defined the solution. There is a set of ways how to solve this problem from the physical point 
of view in the mentioned papers. This article is devoted to the mathematical point of view on this 
matter Q. 



2 The LTB Model 

This section is devoted to presentation the Lemaitre- Tolman-Bondy model and section 2 of the 
paper p| is cited. The co-moving system of coordinate is used in this model where the interval has 
the form 

ds 2 (r, t) = -e x ^dr 2 - e w( - r ^ (dO 2 + sin 2 6d(j)) + dt 2 . (1) 

A(r, f) and u>(r, t) are metrical functions Q definding the solution. Following the Q we will omit 
the arguments in the functions u> and A in this section. In the co-moving system of coordinate with 
the line element (^) the energy-momentum tensor 

ds ds 

has only one non zero component 

T 4 4 = p Tp — 0, a ov (3 = 4. 
Using them together with Dingle results (l(| we obtain the system of equations of the LTB model: 

8ttT}- = e-" -e- x ^-+u + -dj 2 -A = (2) 
1 4 4 w 



8ttT 2 z = 8ttT| = 
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- A = (3) 

= e- - ^ \S> + - ^ j + \ + ^ - A = top (4) 
Sne'Tl = -8nT? = ^ - ^ + u>> = 0, (5) 

, _ d_ ._ d_ 
dr dt 

The equation (El) has the solution 

, i' 2 

4/ 2 (r)' { ' 
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where f(r) is undetermined function. Substituting ([|) into (§) we obtain 

e-[u + -^-^ + [l-f\r)} = 0. (7) 
This equation is integrated twice. First integral gives the equation 

e 3^/2 _ 2 A + 2e . /2 {1 _ /2(r)] = F{rh (8) 



t + F(r) (9) 



, 2 3 

and the second one gives the equation 

de"/ 2 



^/f 2 (r)-l + iF(r)c--/ 2 + fe- 



The equations d|) and (|^) hold undetermined functions F(r) F(r). The substitution of (||) into (^) 
together with M gives the equation for density 

3 The Cauchy Problem for the LTB 
Model 

Before we study the LTB model let us introduce the follow characteristic values: a velocity of light 
c, an observational meaning of the Habble constant H, a characteristic time 1/H and characteristic 
length c/H. We use the co-moving system of coordinates in the LTB model, so the radial coordinate 
r has the sense of Lagrangian mass coordinate , jl7j . Two dimensionless variables /i and r are 
definded by the rules 

r 

/i = — t = Ht, 

m 

where m is a full mass of the "gas". The dimensionless Habble function h(fi,r) and density S(h,t) 
will be also used: 

H(fi,r) p(r,t) 

Mm. t ) = — tv — ' °(^> r ) _ 



H ' ^' ' P(0,0)' 



where H(0, 0) = ff. 

Let us write the interval (nl) as 



ds 2 {r, t) = -Ae x{rA) dr 2 - Be"™ (d9 2 + sin 2 Bd(f) + c 2 dt 2 , (11) 

where two constants A and B are introduced to take into account the fact that ( pi] ) is dimension 
equation. 

The dimension of [ds 2 ] is L 2 , dimension of [A] is L 2 M~ 2 and dimension of [B] is L 2 , so 

ViiW V-H", 
The interval (|ll]) has now the form 

2 



H 



ds 2 (r, t) = -e A(r ' t} dr 2 - e"^ 1 "^ (d6» 2 + S in 2 ed<j)) + dr 2 , (12) 
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Together with metrical functions lu((i,t) and A(/i,r), introduced by Tolman, it is conveniently to 
use the Bonnor's function Q 

i?(/l,T) =e -(^)/ 2 . (13) 



In the Bonnor's notation the interval (12) takes the form 

(^jj ds 2 {^ T ) = - [R ' { ^ 2 T)]2 dy 2 - R 2 {^ t) (d9 2 + sirfedcf) + dr 2 

As it is shown in and |l8), the Bonnor's coordinate i?(/j,,r) has a sense of Euler coordinate, so 
the equation (Jljj) correlates geometrical radius of the sphere i?(/i, t) where the particle is located, 
and the Lagrangian coordinate \x of this sphere. 

To describe the radial motion we will use the Habble function connected with variation of the 
radial length dl: 

*-£■ <»» 

where, according to the (|l2|), for gK 2 we read: 

«fi 2 = e^V=(^^dA,) a . (15) 

By the substitution ( |l5| ) into the definition of the Habble function (|lj) we obtain 

AQyr) g^yr) din R'(h,t) 
hM = ^ = R^r) = 97 (16) 



By the integration of the equation (16) we obtain the formulum for metrical function A(/f, r): 

T 

A(m,t)=2 / h{n 1 T)dr + A(m,0) 



A solution in the LTB model is defined by the functions /(r), i ? (r) and F(r). These functions 
are obtained in the process of solution of the system of PDE, so to define them the initial/boundary 
conditions should definitely be used. The metrical function u>(fi, r) is the solution of the equation 
(g). The equations of the LTB model are obtained in Q and solved in the parametric form for the 
three cases f 2 {p) < 1, / 2 (^) = 1 and f 2 {n) > 1 in || and [||. 

The equations (^) - (g) are valid for every r, and due to this fact in the Cauchy problem they 
definde the functions / 2 (/u), F(/j,) and F(/x) at the moment of time r = 0: 

f 2 ( M ) - 1 = e w »M (tfoOO + ~^G«) - a) (17) 

F(/i) = e 3 ^/ 2 (^^M _ + 2e^>/ 2 [l - f 2 ( M )] (18) 

e «o(f»)/ 2 

F(M)= / = = ■ (19) 



At the time r = the equation (^) defindes the function Ao(/i): 

" 4/2 ( M ) ■ (2U) 

Substituting @ into @, we obtain 

F(ja) = e 3 -^)/ 2 (-2d> (/x) ~ ^ 2 ( M ) + |a) . (21) 



e^o(f)/ 2 
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Comparing (§) - (|) with @ - ©, we find out that 

/ 2 ( M ) - 1 = e"»M ^o(M) + -wgOO - a) 



(22) 



and 



e 3 " ( ^ )/2 (-2a)(M,r)-^( M ,r) + iA 



(23) 



are not dependent on time. Let's use the previous results to calculate the functions F(/i) and integral 
in the equation (|^). Substituting the definitions (|l7|) and ( pl| ) into (|l^) we obtain: 



P(M) = ± / ¥• 

wo(0) 



(24) 



The function F(/i) is equal to zero at the moment of time r = according the definition. 
Substituting the right part of the equations ( 53 ) and (^ ) into the (|l9j) , we obtain the equation 



± 



— = ± 



wo(m) 



duj 



(25) 



This analysis of the LTB model shows that the functions 

w(M>t)I t=0 = w o(/«) w(^,t)| t=0 = ^o(m) 

^(M, t )It=0 =^0(M), 

and constants 

w(/i,0)L =0 =u; (0) w(M,0)| H=0 =w (0) 



(26) 



(27) 



^(^0)1^0=0)0(0), A, 

are included into the definitions ( [l7| ) - ( |l9| ) and they form the initial conditions of the Cauchy 
problem for the equations (||) - (||). In accordance with ( po|) the function Ao(/i) is not include in the 
set of initial conditions. 

Substituting into the (|o|) , we obtain the general expression for the density of " gas" in the 
LTB model: 



3[w o (a0]' 



•• r s 1.9/ \ A 



87T(5(^,r) = x 

w'(jj,,t) 

- 2 [iooQi)]' - 2^o (m) [^o (/•*)]' 



We obtain the formulum for Habble's function using (^|), ([T^) and (|l~6|): 

K^ T ) = T 



(28) 



(29) 



^jK^,T)dr + R'^,0) 
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where 

The dependence of cosmologycal parameter on the initial conditions of the LTB model is represented 
by the follow formula: 

U{fi,T) - 



where the critical density defined by formulum 

5c(/i ' r) = 8^^ (/i ' T) - 
The function u;(/x, t) from the equation (|2§| ) is the solution of the equation (||). 

4 Results 

The LTB model is the Cauchy problem for the PDE (Q) - (||). Traditionally, three functions /(/x), 
-F(/it) and F(/i) are used to chose some physical propetrys of the problem solving in the LTB model. 
These functions play a role of the initial conditions in the LTB model. But the input equations (^) - 
(||) are wrtitten throught the metrical functions A(/i, r) and r). So, should definitly be studied 
the dependence functions /(//), -F(m) an d F(m) on metrical functions. The present article learns this 
rpoblem and three initial condition s (|26| ) - (^7|) defined three function by the rules ( p7| ) - (|l9|). The 
general expressions for the density (|2S|) and Habble faction (p9|) show the dependence on the initial 



conditions (26) 
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